We model massive compact objects in galactic nuclei as stationary, axiallysymmetric naked singularities in the Einstein-massless scalar field theory and study the resulting gravitational lensing. In the weak deflection limit we study analytically the position of the two weak field images, the corresponding signed and absolute magnifications as well as the centroid up to post-Newtonian order. We show that there are a static post-Newtonian corrections to the signed magnification and their sum as well as to the critical curves, which are function of the scalar charge. The shift of the critical curves as a function of the lens angular momentum is found, and it is shown that they decrease slightingly for the weakly naked and vastly for the strongly naked singularities with the increase of the scalar charge. The point-like caustics drift away from the optical axis and do not depend on the scalar charge.
I. INTRODUCTION
Is there a naked singularity exist or not, it is probably one of the most important unsolved problems in general relativity. According to the standpoint of the cosmic censorship conjecture the spacetime singularities of gravitational collapse are hidden within black holes [1, 2] and therefore can not be observed. In this work, we model the massive, dark, radio object Sgr A * in the center of the Galaxy as a rotating generalization of the Janis-NewmanWinicour naked singularity. Using the predictions of the gravitational lensing caused by the space-time under consideration we obtain the physical parameters of the rotating gravitational lens, which uncover the rotating naked singularities concealed in the black holes.
In the last decades the gravitational lensing attracted ever more and more the interests of the science community. As result the theory have developed in two frames. The former examine the problem for the distribution of a photon on a radial distance much larger than the gravitational radius of the lens. In this case the light ray has a small deflection angle, therefore we are speaking about the gravitational lensing in the weak deflection limit. Then two weak field images on the each side of the lens appeared. The letter discuss the photons winding many times closely around the lens before reaching into the observer. This process is also known as a gravitational lensing in the strong deflection limit. I this case, an infinite series of highly demagnified relativistic images on both sides of the lens shadow should be appeared.
It is known that the lensing observables might be successfully described by a perturbation theory applied to general relativity. The theory of gravitational lensing in the weak deflection limit approximation has been developed for a Schwarzschild point-mass lens [3, 4] . The rotational case has been studied for the first time up to a post-Newtonian expansion by Epstein and Shapiro [5] and after that by Richter and Matzner [6] . Later on, Bray [7] investigated the multi-imaging aspect of Kerr black hole lensing as resolved the equations of motion for a light ray up to and including second order terms in scaled black hole mass m/r min and angular momentum a/r min , where r min is the distance of closest approach.
Gravitational lensing by rotating stars has been considered by Glinstein [8] and later on by Sereno [9] . The weak field Reissner-Nordstrom black hole lensing has been done by Sereno [10] . The gravitatonal-magnetic effect in the propagation of light in the field of self-gravitating bodies has been investigated by Kopeikin at al. [11] . Asada and Kasai [12] have found that up to the first order in the gravitational constant G, a rotating lens is not distinguishable from a not-rotating one. They have found that because of the global translation of the center of lens mass the Kerr lens is observationally equivalent to the Schwarzschild one at linear order in mass m and the specific lens angular momentum a. Later
In our desire to bridge the gap between the weak and the strong deflection limit analysis of gravitational lensing we can refer to Amore and Arceo [37] . They present a method which can be used to obtain arbitrarily, accurate, analytical expressions for the deflection angle of light propagating in a given metric. An effective analytical formalism for the Schwarzschild deflection angle which describe with satisfactorily accuracy both weak and strong deflection series have also been developed by Iyer and Petters [38] .
The purpose of this paper is to consider the gravitational lensing by rotating naked singularities and to explore how it differs from the Kerr black hole lensing. The weak gravitational lensing allow us to describe the light ray trajectory, where the closest approach distance r 0 and the impact parameter J both lie outside the gravitational radius r g = 2M.
Besides, the strong gravitational lensing could provide profound examination of the spacetime around different kinds of black holes and naked singularities. Therefore, following [17, 25] in the present work we wish to study gravitational lensing in the weak and strong deflection limit due to a stationary, axially-symmetric weakly naked singularities and to compare the results to rotating strongly naked singularities with the aim of investigating the influence of the scalar field on the behavior of the bending angle, on the position of the images and on their magnification as well as in the critical curves and caustics.
The outline of this paper is as follows. The second section contains a description of a Kerr-like solution of the Einstein-massless scalar field equations. In Sec. III we discuss the full lens equation. In Sec. IV a gravitational lensing in weak deflection limit by Kerr black hole, weakly and strongly naked singularity is investigated and the critical curves and the caustic structure are considered. In Sec. V the deflection angle is numerically computed in the equatorial plane and its dependence from the scalar charge and the lens angular momentum is shown. In Sec. VI we discuss the equatorial lensing by Kerr black hole, weakly naked singularity and marginally strongly naked singularity in the strong deflection limit and compute the positions of the relativistic images and their separability. A discussion of the results is given in Sec. VII.
II. ROTATING SINGULARITY SPACETIME
We consider a Kerr-like solution [40] to the Einstein-massless scalar equations (R ij = 8ϕ ,i ϕ ,j with ϕ ;i ,i = 0, where R ij is the Ricci tensor and ϕ is the massless scalar field). This solution is rotating generalization of the Janis-Newman-Winicour (see for example [41] ) solution and is given by the line element
and the scalar field
where
M and q, the Arnowitt-Deser-Misner (ADM) mass and scalar charge, are constant real parameters in this solution. a = L/M is the angular momentum of the rotating object in units of the mass. Hereafter we will not consider the massless scalar field case (e. i. γ = 0 or q/M = ∞). For a = 0 and q = 0 this solution reduces to the Janis-Newman-Winicour solution, for a = 0 and q = 0 to the Kerr black hole, while in the particular case a = 0 and q = 0 it reconstructs the Schwarzschild solution. The above solution is in fact the Einstein-frame version of the original Jordan-frame solution to the Brans-Dicke equations found in [40] .
In the case γ = 1 (q = 0) when the Kerr black hole solution is recovered, there is an event horizon with spherical topology, which is the biggest root of the equation ∆ = 0 and is given by
for |a| ≤ M. Beyond this critical value of the spin there is no event horizon and causality violations are present in the whole space-time, with the appearance of a naked singularity.
The ergosphere is defined as a surface on which the Killing vector ∂ ∂t is isotropic, i.e g tt = 0.
So the ergosphere lies at
For 0 < γ < 1 the metric (1) describes rotating naked singularities with mass M and angular momentum Ma. In order to see that the solution is singular for 0 < γ < 1 we calculate the
As it is seen, the scalar curvature diverges where g tt = 0 which shows the presence of a curvature singularity at
as the domain of variation of θ depends on the ratio γ 2 a 2 /M 2 . One can show that there is at least one equatorial null geodesic with one end on the singularity and the other on the future null infinity i.e. the singularity is indeed naked. The global naked singularity nature of the static JNW solution for 0 ≤ γ < 1 was first shown in [42] (see also the Seifert conjecture for naked singularities [43] ).
III. EQUATION OF THE GRAVITATIONAL LENS
The equation of the gravitational lens, which allows small as well as large bending of the light ray is [21] tan
where D LS and D OS respectively are the lens-source and the observer-source angular di- lens equation [44] . For spherically symmetric lenses we refer to [45] , where most general lens equation is constructed.
As we shall see below, we will solve the lens equation in the weak deflection limit in the cases of presence and absence of the photon sphere in order to explore the differences in the gravitational lensing by various of naked singularities. Moreover, since the strong deflection limit allows a simple analytical investigation of the gravitational lensing properties, after calculating ofα for the rotating singularity space-time in this approximation, we will solve the lens equation in order to derive the relativistic images when a photon sphere exists [44] .
IV. GRAVITATIONAL LENSING BY ROTATING NAKED SINGULARITIES
IN THE WEAK DEFLECTION LIMIT.
A. Image positions
In this part we will study the gravitational lensing by rotating naked singularities in the weak field regime up to the post-Newtonian order. We will distribute the source and the observer in the asymptotically flat region in such a way that the source is situated beyond the lens plane. Following the scheme exposed in [39] up to the post-Newtonian limit, we can express the angular coordinates of the source and the image in Einstein ring scale in the following way
where angular radius of the Einstein ring and the expansion parameter are
The Janis-Newman-Winicour deflection angle is
We refer to [22, 35] for different representations of the deflection angle.
Then up to the post-Newtonian order the weak field Janis-Newman-Winicour lens equation gets the form
Hence, we can advance to the image positions. Let us orient lens coordinates such that the axis θ 2 is along the projected lens angular momentum and the axis θ 1 is perpendicular to the optical axis. Following [12, 13, 16] , one can show that up to the post-Newtonian order lensing by rotating naked singularities under consideration is equivalent to lensing by Janis-Newman-Winicour lens but shifted by
Then we can use the lens equation (13) to describe the image properties [39] . Because of this shift (14) the image position θ 1 of a direct photon (a > 0) translates to position θ 1 − δθ 1 . By analogy the retrograde image position (a < 0) is θ 1 + δθ 1 . Based on this, allowing positive and negative angular momenta, via the substitution θ 1 → θ 1 − δθ 1 for the two kinds of photons, one can compute the deflection angleα =α(θ) again and rewrite the lens equation. Thereby, the rotating singularity lens equations are
At Newtonian order (ǫ = 0, δθ 1 = O(ǫ)) Eq. (15) reduces to the Janis-Newman-Winicour lens equation (13) . The solution can be expanded in a series by ǫ,
The square of the solution of Newtonian order lens equation is θ
, where
The square of the scaled angular source position is β 2 = β 
which reduce to the correction terms expected for rotating lenses [39] in the case of Kerr black hole (γ = 1). The post-Newtonian corrections of the positive and negative parity images can be found since we already know θ
B. Critical curves and caustics.
The critical curves separate the regions in the lens plane where the Jacobian determinant J of the lens map has opposite sign. For a point lens at these curves, the magnification factor of the images µ diverges. Formally looking, the critical curves are solution to the
According to the lens Eqs. (15) and (19) up to the post-Newtonian order the Jacobian is
which reduces to the correction terms expected for Kerr black hole [16] up to post-Newtonian order.
We look for a parametric solution up to the post-Newtonian order in the form
where ϕ is an angle in a polar coordinate system taken in the lens plane with origin at the lens. In that system tan ϕ = tan Θ 1 / tan Θ 2 . The first term of (21) gives the Schwarzschild black hole Einstein ring with radius θ E . Solving Eq. (19) we obtain the deviation coefficient
For Kerr black hole lensing (γ = 1), (22) reduces to the result of Sereno and Luca [16] .
Then, for an observer set in position ϑ O and fixed values of a and γ a critical curve in the {tan Θ 1 , tan Θ 2 } plane exists. The positions of the equatorial cross sections of the critical curves are shifted with respect to the static case by
In order to calculate the caustics we have to find the corresponding source positions.
Through lens equations (15) and (21), up to O(ǫ 3 ) order the caustic are point-like and are positioned in Our results for the critical curves shift (23) and the caustic positions (24) coincides with those found in [16] up to the post-Newtonian order.
Critical curves are plotted in Fig. 1 for some values of the scalar charge, the lens angular momentum and the observer's positions. We model the massive dark object in the center of our galaxy as a Kerr black hole and as a rotating generalization of the JNW naked singularities. We assume a point source and set the lens between the source and the observer as assuming that D OL = 7.62 kpc. Studying the influence of the lens parameters over the critical curves, as an illustration we made all graphics for the source position D LS = 4.85 × 10 −5 pc. According to [47] the lens has a mass M = 3.61 × 10 6 M ⊙ . In this situation the expansion parameter ǫ = 0.029846679.
In the approximation of geometrical optics gravitational lensing causes a change in the cross section of a bundle of light rays, such that the surface brightness is conserved. Therefore, the ratio between the angular area element of the image in the celestial sky, dΘ 1 dΘ 2 , and the angular area element of the source in absence of the lens, dB 1 dB 2 , gives the signed
Disposing with the Eq. (15) the calculations yield
which describes the signed magnification for both images. Eq. (26) reduces to the signed magnification of the Kerr black hole images [39] , when γ = 1.
The individual magnifications of the positive and the negative parity image up to postNewtonian order can be calculated using (17) and (26) . They are respectively
. (27) Than the sum of the signed magnification for the rotating singularity lens, which has the
does not depend on the specific angular momentum a and is equivalent to the result for Janis-Newman-Winicour lens to post-Newtonian order. At order O(ǫ) the deviations from the magnification invariant for the Janis-Newman-Winicour lens and the lens under consideration are the same.
In the vicinity of the caustics (or the critical curves) the power series (26) does not work properly and describe the image magnifications exactly for scaled source angular positions
. Therefore, in order to disentangle the influence of the scalar charge and the lens angular momentum over the signed magnifications, in Figs. 2, 3 and 4 we have plotted the reciprocal values of the Jacobian corresponded to µ + and µ − according to the current estimates for the massive dark object in the center of our Galaxy [47] as we assume that the observer is equatorial.
In the static case of the Janis-Newman-Winicour lens for all values of the scaled source angular positions β 1 and β 2 the magnification of the positive parity µ + and the value of that of the negative parity image µ − increases with the increase of the scalar charge. Let us set the source on the equatorial plane (i.e. β 2 = 0) and move it to the optical axis.
Then two weak field images will appear, one on each side of the optical axis. The signed image magnifications start to grow from µ + = 1 and µ − = 0 respectively for the positive and negative parity images when the absolute value of the source scaled angular coordinate is at infinity. In the case when the source is on the optical axis ((β 1 , β 2 ) = (0, 0)) the signed magnifications diverge and infinitely bright Einstein rings appear. Removing the source from the optical axis (i.e. β 2 = 0) and keeping β 1 = 0 we will see two weak field images situated respectively on each side of the optical axis in the directions perpendicular to the equatorial plane. Their magnifications decrease with the increase of β 2 and approach the limit values µ + = 1 and µ − = 0 respectively for the positive and negative parity image when the source scaled angular coordinate goes to infinity. In all of these cases the presence of the scalar charge leads to an increment of the signed magnifications.
When the lens is rotational and the source is equatorial the angular momentum of the lens decreases the signed magnification of the negative parity image and increases the value of that of the positive parity image for every value of β 1 and a scalar charge q/M. For the source position β 1 < β cau 1 the negative parity image is outside the critical curve while the positive When the two weak field images are not resolved and are packed together the main observables become the total magnification and magnification-weighted centroid position.
Taking into account that the image parities give for to the absolute magnifications |µ + | = µ + and |µ − | = −µ − , then the total absolute magnification for the rotating singularities spacetime is
and up to terms O(ǫ 2 ) do not differ from the result for the Kerr lensing [39] . When the observer is on the rotational axis or in the particular case of the circularly symmetric lens (a = 0), the term O(ǫ) vanishes.
The magnification centroid position is defined by [48] 
Using (17), (18) and (27) we obtain the same expressions as those for Kerr black hole lensing up to post-Newtonian order [39] 
For the case a = 0 or ϑ O = 0, the magnification centroid for the rotating singularity spacetime coincides with the result by Keeton and Petters [49] .
Since the total magnification is the difference of the reciprocal values of the Jacobi determinant related to the positive and the negative parity images, we have plotted it in Fig. .
V. EXACT NUMERICAL INVESTIGATION OF THE DEFLECTION ANGLE
Let us impose the condition θ = π/2 and set the light ray on the equatorial plane. In this case, if we substitute x = r/2M as a new radial coordinate and measure all distances in units 2M = 1 we obtain the reduced metric in the form
A
The relation between the impact parameter (the perpendicular distance from the lens to the tangent to the null geodesic of the source) and the distance of closest approach of the light ray x 0 can be obtained from the conservation of the angular momentum of the scattering process, and it is given by
The sign in front of the square root is chosen to be positive when the light ray is winding counterclockwise. For a > 0 the black hole rotates counterclockwise, while for a < 0 the black hole and the photons rotate in converse direction.
A starting point of the strong field limit expansion is the photon sphere, which has been defined by Virbhadra and Ellis [21] (and has subsequently been investigated by Claudel, Virbhadra and Ellis [46] ) as a time-like hypersurface {x = x ps } on which the light bending angle becomes unboundedly large when the closest distance of approach x 0 tends to x ps .
The photon sphere equation for a stationary, axially-symmetric metric is
for which we require to admit at least one positive solution. For the Kerr-like metric the photon sphere equation takes the form
The biggest real root of this equation external to the outer Kerr black hole horizon or to the curvature singularity defines the radius of the photon sphere x ps = r ps /2M. The radius of the photon sphere is computed numerically and is plotted in Fig. 8 for different values of the ratio q/M. The analytical investigation of the fourth order algebraic Eq. (39) shows the kind of the naked singularity. Depending on whether or not the naked singularity is covered within a photon sphere Virbhadra and Ellis [23] classify the naked singularity as weakly naked (WNS) (those contained within at least one photon sphere) and strongly naked (SNS) (those not contained within any photon sphere). In the particular case of γ = 1 when the Kerr black hole is recovered, the photon sphere exists for angular momentum −1 ≤ 2a ≤ 1.
In the case of rotating naked singularities when 1/2 < γ < 1 the photon sphere exists for angular momentum −∞ < a ≤ a m , while for 0 < γ ≤ 1/2 the naked singularity allows a photon sphere for angular momentum −∞ < a < 0. Here a m is defined by
An intermediate position takes the static case γ = 1/2 and a = 0, when the so called marginally strongly naked singularity (MSNS) is realized. In this case there is no photon sphere, but the gravitational lensing leads to the appearing of relativistic images. We do not show the numerically investigation to this situation, which is qualitatively similar to the static WNS.
The Kerr black hole and WNS photon spheres decrease with the increase in |a| and have Table I .
The bending angle of a light ray in a stationary, axially-symmetric space-time, described by the line element (32) is given bỹ
where φ f (x 0 ) is the total azimuthal angle. With the decrease of the distance of closest approach x 0 the deflection angle increases, and for a certain value of x 0 the deflection angle becomes 2π, so that the light makes a complete loop around the lens. Let x 0 decreases further, then the light ray will wind several times around the lens before reaching the observer and finally when x 0 becomes equal to the radius of the photon sphere x ps the deflection angle will become unboundedly large and the photon will be captured by the lens object. Let us discuss the behavior of the bending angleα for the Kerr black hole, WNS and SNS. One has lim x 0 →∞α (x 0 ) = 0 for all values of γ and the angular momentum a, lim x 0 →xpsα (x 0 ) = ∞ for γ = 1, −1 ≤ 2a ≤ 1 (Kerr black hole) and 0 < γ ≤ 1/2, −∞ < a < 0 and 1/2 < γ < 1, −∞ < a ≤ a m (weakly naked singularities) and lim x 0 →xcsα (x 0 ) =α min for 0 < γ ≤ 1/2, 0 ≤ a < ∞ and 1/2 < γ < 1, a m < a < ∞ (strongly naked singularities).α min is the minimum of the deflection angle for SNS, which is a function of the angular momentum a and the scalar charge q/M and is given by
= −π + 2aγ
In Fig. 9 we plot the behavior of the bending angleα against the impact parameter J the deflection angle changes its sign as it first increases up to its maximum with a decrease in the impact parameter, after that becomes null with the further decreases of the impact parameter and finally, after reaching its minimumα becomes unboundedly large as J → J ps .
In Fig. 9 (top right) we plot curves for positive angular momentum a = 0.5 and a scalar charge q/M = 0 ÷ 1.6 with a step q/M = 0.4 and without the uppermost (WNS) these are for SNS.α first increases with the decrease of the impact parameter and further decreases to the minimum valueα min as the impact parameter approaches the impact parameter for their respective x cs (i. e. J → J cs ). As there are no photon spheres for SNS the deflection angle for these cases are never unboundedly large. Therefore the gravitational lensing by SNS would not give rise to relativistic images. In Fig. 9 (center, middle right, bottom middle, bottom right) we plot for some other values of the angular momentum a and the scalar charge q/M for SNS.α translates its maximum to the right at the bigger impact parameters and decreases with the increase of the angular momentum a or of the scalar charge q/M.
VI. GRAVITATIONAL LENSING BY KERR BLACK HOLE AND ROTATING WEAKLY NAKED SINGULARITIES IN STRONG DEFLECTION LIMIT
In this section we study the gravitational lensing by Kerr black hole and weakly naked singularities which have a photon sphere. We find the logarithmic behavior of the deflection angle around the photon sphere in the space-time under consideration and discuss the lensing observables.
A. Deflection angle in the stong deflection limit
Considering equatorial light ray trajectory we can find the behavior of the deflection angle very close to the photon sphere following the evaluation technique for the integral (41) developed by Bozza [25] . The divergent integral is first split into two parts one of which 
where y 0 = A 0 .
The whole azimuthal angle then takes the form
where the functions are defined as follows
All functions in (48) and (49) 
contains the divergence and
is a regular integral in z and x 0 . To find the order of divergence of the integrand, we expand the argument of the square root of f (z, x 0 ) to second order in z and get the function f 0 (z, x 0 ):
where:
The function g(z, x 0 ) is the difference between the original integrand and the divergent integrand
When x 0 becomes equal to x ps the equation of photon sphere holds. Then, the coefficient α vanishes and the leading term of the divergence in f 0 is z −1 . Therefore the integral diverges logarithmically. The coefficient β takes the form
Bozza [25] obtained the analytical expression of the deflection angle close to the divergence expanding the two parts of the original integral (41) around x 0 = x ps and approximating the leading terms. The result is where the coefficientsā,b and J ps depend on the metric function evaluated numerically at x ps . θ = J/D OL is the angular separation between the lens and the image. The strong deflection limit coefficients of the expansion (58) are
where b R is the regular integral φ R f (x 0 ) evaluated at the point x ps as follows
For the same metrics the coefficient b R cannot be obtained analytically. In such cases it must be evaluated numerically. The divergence of the coefficients of the expansion means that the bending angle in the strong deflection limit (58) no longer represents a reliable description in the regime of high a.
B. Observables in the strong deflection limit
As already was marked the lens equation (8) can reduces to lens equation describing large deflection angle of the light ray when the measured from the observer image and source angles are small with respect to the optical axis. Taking the general lens geometry in consideration, and using the strong deflection limit lens equation
one can show [44] that the angular separation between the lens and the n-th relativistic image is
where Here η is the angular separation between the source and the optical axis, as seen from the lens. According to the past oriented light ray which starts from the observer and finishes at the source the resulting relativistic images θ + n stand on the eastern side of the black hole for direct photons (a > 0) and are described by positive η. Retrograde photons (a < 0) have relativistic images θ − n on the western side of the black hole and are described by negative values of η. n is the number of loops done by the photon around the lens object. For each n, we have an image on each side of the lens, according to the chosen sign. We have expressed the position of the relativistic images in terms of the coefficientsā,b and J ps . If we manage to determine these coefficients from the observation of the relativistic images, we can obtain information about the parameters of the lens object stored in them. To obtain the coefficientsā,b, we need to separate at least the outermost image from all the others. If we consider the simplest situation where only the outermost image θ 1 is resolved as a single image, while all the remaining ones are packed together at θ ∞ , our observables will thus be [25] 
which represent the separation between the first image and the others. The innermost relativistic images and the separability are computed numerically for different values of the scalar charge q/M and the lens angular momentum and are plotted in the Fig. 11 and Fig.   12 for the massive compact object in the center of our Galaxy [47] .
The gap between the outermost relativistic image and the remaining ones packed together at inner image position increases with the increase of |a| for all values of the scalar charge.
It is obvious that in the vicinity at a = 0, where the SDL approximation works sufficiently, the WNS separability s exceeds the Kerr black hole separability. While for bigger positive angular momentum the dependence is the same, for negative angular momentum, a valué a exist after which the image separability is lower in comparison to the Kerr black hole separability. The graphics are truncated in the vicinity of the separable point where the q/M.
In the case of rotating naked singilarity lensing, the point-like caustic β For all values of q/M the relativistic images are closer to the optical axis for positive a in the case of direct photons and further from the optical axis for negative a when we consider opposite photons. For the static case when Janis-Newman-Winicour WNS are realized the relativistic images are not shifted. Therefore as seen from the side of the observer the relativistic images are shifted towards the western side, if north is the direction of the spin.
The gap between the outermost relativistic image and the remaining ones packed together at inner image position increases with the increase of |a| for all values of the scalar charge. In the vicinity at a = 0, where the SDL approximation works sufficiently, the WNS separability s exceeds the Kerr black hole separability. While for bigger positive angular momentum the dependence is the same, for negative angular momentum, a valueá exist after which the image separability is lower in comparison to the Kerr black hole separability.
According to the results, the gravitational lensing in the weak and the strong deflection limit would allow us to distinguish the Kerr black hole from rotating weakly naked singularities. Hence, detecting the weak field or/and the relativistic images, which might be possible in the near future, we will be able to determine the nature of the lensing galactic massive dark object.
